We investigate a scattering amplitude of two particles in 2+ 1 dimensional Chern-Simons theory. By refining the previous computations, we have found how to express the amplitude in terms of vacuum expectation values (VEV's) of Wilson loop operators. We have found extra terms to the amplitude. Then, we calculate VEV's of the Wilson loop operators in super Chern-Simons theory. They must be preliminary information of 2+ 1 dimensional supergravities. § 1. Introudction
that the empty space-time must be flat. It is, however, still possible that the spacetime has non-trivial global topology. From the mathematical point of view, such a globally non-trivial topology is measured by the holonomy operator, that is the Wilson loop operator.
The space-time singularity such as a deficit angle produces non-trivial global topology. It can be regarded as an effect of a (topological) matter field. It is possible to assign a gauge charge, or a representation of the gauge group, to it. Such an investigation naturally leads us to couple matter fields to the pure Chern-Simons system. Consequently, we can regard the Wilson line as a trajectory of not the Chern-Simons gauge field but the matter field propagating in the space-time manifold. 31 J,ssJ Hence, it is natural to consider a scattering among particles. They interact through background gauge field, which represents graviton under the appropriate choice of the gauge group. From the physical point of view, therefore, the Wilson loop operator is expected to measure gravitational scatterings of point particles.
On the other hand, we can evaluate vacuum expectation values (VEV's) of the Wilson loop operators exactly, at least in the case of compact and simple gauge groups.
H 1 J'
55 J They are determined by solving the algebraic equations 55 J which were constructed by exploiting detailed analysis 56 H 8 J on the connection between the 2 + 1 dimensional Chern-Simons theory and the 1 + 1 dimensiomil rational conformal field theory. 59 J-66 J Such algebraic equations are constructed by using group theoretical information only. Consequently, these formulas are naturally extended to the non-compact gauge groups such as /50 (2, 1) , although an infinity resides in non-compactness might be an obstruction in solving them in a closed form (physically interesting representations are infinite dimensional in many cases). Therefore, we would be able to evaluate gravitational scattering amplitude exactly if we could find the explicit expressions giving the scattering amplitudes in terms of the VEV's of the Wilson loop operators. It must be possible because the only previously known gauge invariant operator in the Chern-Simons theory is the Wilson loop operator.
In this paper we discuss how to express the scattering amplitudes in terms of VEV's of the Wilson loop operators. Then we investigate VEV's of the Wilson loop operators in the Chern-Simons theory with super Lie groups: SU(m/n) and 0Sp(m/2n). The latter group is important in considering supergravity with cosmological constant term or conformal symmetry. This paper is organized as follows. We give, in § 2, a brief summary how to compute VEV's of the Wilson loop operators. In § 3, we show two particle scattering amplitude in terms of VEV's of the Wilson loop operators by refining the previous arguments in Refs. 31) and 38 where Cis an oriented circle embedded in M (note that a circle can be knotted in three manifolds).
We also consider extended Wilson loop operators which include trivalent vertices such as a baryon-type operator Ke€'(PI, Pz, p3) and a tetrahedron operator T(pl, Pz, P31P4, p5, P6) depicted in Fig. 1 . Three representations meeting at a vertex must have an invariant coupling. If there are more than two such couplings, we label vertices withE (we have omitted such labels for the tetrahedron operator in Fig. 1 for the sake of simplicity).
A normaliz;ed VEV of an operator lJ (A) is defined as
It is equivalent to polynomial invariant of knots and links. 67 J-'ill In the following, we use a notation Eo(P) for Pn , n=l, 2, · .. , r. respectively. Here 2l is a number of over· Fig. 3 (2·5) and (2·7), we obtain the following relations:
Here g~~b~ is the operator constructed from g~~b~ by connecting top and bottom of 
Here Pn• on the right-hand side is an irreducible representation appearing in a
Equations (2·10)~(2·12) contain enough information to determine the Eo(P )'s recursively starting from the ones for small dimensional representa- tions. 55 > There are, however, two solutions because Eq. (2 ·10) is quadratic. In order to fix Eo(p) uniquely, let us consider the weak coupling limit, or k-HXJ. In this limit, the gauge field A becomes free and the holonomy, or path ordered exponential of a contour integral of A around a circle C, becomes trivial. Namely, the Wilson loop operator given in Eq. (2·2) is the trace of the identity in the representation p in this limit. This means
Then, we can choose one of the two solutions of Eq. (2·10)~(2·12) by imposing (2·13). This condition is, however, consistent if all of representations concerned are integragle55> because of the fact that the parameter q is a root of unity. In this section we investigate two-particle scattering amplitudes. The system we are concerned is the matter coupled Chern-Simons gauge theory which was discussed in detail in Refs. 31) and 38). Our goal is to obtain a general expression giving the scattering amplitudes in terms of VEV's of the Wilson loop operators.
Let us imagine the following situation. A test particle scatters off a massive source particle situated at the spatial origin of the space-time manifold M. Upon quantization of the test particle, the scattering amplitude describing this process becomes a sum of contributions of homotopically inequivalent paths for the test particle owing to the fact that the Chern-Simons theory is topological.
Such paths can be labeled by winding numbers between the trajectories of the source and the test particles. If we project the trajectories onto a surface, then the process of winding number lis described by the operator g~Zj> introduced in § 2. Here we assume that the representations assigned to the source and test particles are p and *) Let us consider a sphere which is surrounding the operator g~:~~-Four Wilson lines in p,, Ph p, and Pi are coming out of it. It was proved that one can construct the Hilbert space over the sphere and its dimension is, indeed, r at least in the limit of large k. 
for large k, or weak coupling limit. Namely, the dimension of the Hilbert space!}{ is the number of the identity representations appearing in the decomposition of the tensor product shown on the right-hand side of Eq. (3·2) into irreducible representations. Let us assume that p and 6 satisfy the following tensor product decomposition
The dimension of the Hilbert space !}{ in this case is r. Any braidings and/ or fusions of the Wilson lines in the sphere, therefore, can be expanded by using r independent configurations of the Wilson lines. A set of the lpcr(!ln)'s is one basis, which was adopted in § 2. On the other hand, it is possible to use a set of Hpcr( r/Jm)'s depicted in Fig. 5 
Here we have assigned a suffix 0 to an identity representation; r/Jo=l. The existence of the set of the rPm's, which satisfy the decompositions in Eq. (3·4), is guaranteed by an associativity of a tensor product. Indeed, Eqs. (3·2) and (3·3) require that (p®p)®(6®Cf) must contain lE&r_ The g~?;j>, therefore, can be expanded in the following two ways: gW>= f;; 1 (q-Q(p)-Q(CJ")+Q().n))l~ Eof:~~:c 6 ) lpcr(!ln)= ~:bm(l)Hpcr(r/Jm).
The expansion with respect to the lpcr(!ln)'s is just the braiding formula discussed in § 2. An identity depicted in Fig. 6 was used in deriving the results for Hpcr( r/Jm) under this process. The identity in Fig. 6 is proved by using the fact that a Hilbert space constructed over a sphere with two Wilson lines are one dimensional if and only if two representa· tions assigned to the Wilson lines are dual to each other. Otherwise, the Hilbert space does not exist (or zero dimensional). The proportionality constant is easily fixed by consistency. 8 >-H>. 55 > After performing the process explained above, we obtain the following expression for bm< 1 > with the help of Eq. (2·4):
Explicit evaluation of the VEV's of the tetrahedron operator appearing in this equation is now under progress. General arguments how to compute it have been given already in the second paper of Ref. 16). However, bo<n can be evaluated explicitly because r/Jo=l. Indeed, the tetrahedron operator in this case is just the baryon-type operator:
< T(r/Jo, CJ, iYI!ln, p, p)>=<K(p, CJ, Xn)>=J Eo(p)Eo(CJ)Eo(!ln) . (3·7)
Then, bo (l) is determined as
bo(l)= ± (q-Q(p)-Q(cY)+Q(An))l Eo(An)
n=l . .
Eo(p)Eo(CJ) Eo(p)Eo(CJ)
In showing the second equality, we have used Eq. (2 · 8 This is the desired result giving the scattering amplitude in terms of the VEV's of the Wilson loop operators. Two particle scattering amplitide was computed explicitly for 150 (2, 1) gauge group in the first paper of Ref. 38 ) and extended to the supersymmetric case in the second one. In evaluating a contribution to the amplitude from the path with winding number l, they factored out a closed path turning l times around the source. This procedure with l=1 has been indicated in Fig. 7 .
By using the identity shown in Fig. 8 , which is derived in a similar way as the relation in Fig. 6 was proved, the last configuration in Fig. 7 is written as
Similarly, the operator g~'l;J> was replaced with
Eo ( (3 ·10) (3·11) (3 ·12) in our notation. Comparing this result with Eq. (3·9), we see that contributions from the bm<n's with non-zero mare missing. Moreover, factors to <flg~~li> are different. We think that Eq. (3 · 9) is preferable to Eq. (3 ·12) because it is symmetric with respect to p and 6.
The discrepancy between Eq. (3·9) and Eq. (3·12) originates· in the fact that in Ref. 38) the following skein relation was used at the arrow in Fig. 7 :
Our general formula (2·5), however, shows that the genuine skein relation is
We, therefore, expect that the second term in Eq. (3·9) or the contributions from the bm(l)'s with non-zero m should yield non-trivial effects to the two particle scattering amplitude. Explicit forms of the bm< 1 >'s are, however, not yet fixed due to some technical difficulties. Computation of them is now in progress.
Before closing this section, we will give one comment. In the first term of Eq. (3·9), l dependence appears only in (g~2J>>. Equation (2·8) shows that this term is divergent. It is also the case in Eq. (3·12). However, we can extract data of scattering from it. as explained in Ref.
38). § 4. VEV's of Wilson loop operator for super Lie groups
In this section we apply the general method briefly summarized in § 2 to the super Lie groups SU(m/n) and 0Sp(m/2n). Computations shown below will offer us important ingredients to discuss scatterings of particles in 2 + 1 dimensional supergravities.
a. SU (m/n)
The defining representation N and its dual N satisfy the following tensor product decomposition laws Table I . Note that in Table I a notation (i1, iz, ···\h, jz, ···)is also used in order to distinguish representations. These i's and j's are directly related to a shape of super Young tableau. Then, the algebraic equations are constructed according to the general arguments given in § 2. They are solved to yield the following solutions (..::L=m-n):
Eo(S)
Here we have introduced a notation
Contrast to the ordinary Lie group cases discussed in Refs. 8) ~ 11) and 53), Eo(P) does not become its dimension in the limit k-HXJ. Here we have listed non-trivial solutions. The other solution is Eo(p)=O for all p.
Similarly, the algebraic equations constructed from the decomposition laws
are solved through straightforward calculations. The results are (L1-=m-n) -3] .rg [Ll_ ] .rg [Ll_ ] .rg .rg-(4·9) [2] .rg- [2] .rg-
Eo(r)
[L1- + 3] .rg [Ll_ ] .rg [Ll-] .rg .rg-(4 ·10) [2] .rg- [2] .rg- [2] .rg- [2] .rgExploiting data in Table I , we can easily write down explicit form of the braiding formulas for two Wilson lines in the defining representation N. Then, it is easy to construct the skein relations. As we discussed in § 2, there is an infinite number of different skein relations because the skein relations are equivalent to the statement that r + 1 vectors in r dimensional vector space are linearly dependent. Here we show simple versions. Namely -qlt(2<~-lg §~+(qltz_q-ltz)g1?~+q-lt(z<~-lg~Jl=O, (4 ·12) g~~ _ q+l/.:1-~~l = ± q+<~-12(ql12 _ q-l12) 1~N(l) . ( 4 ·13) In (4·13), we used not three g~#'s but two g~#'s and I~N(l). In general, the skein relations for two Wilson lines of p and p become simpler if one uses not r + 1 g~Z.0°'s but r gWl's and lp,o(l).
b. 0Sp(m/2n)
The defining representation N satisfies the following tensor product decomposition law N@N =SE9AdjE91 .
Dimensions and quadratic Casimirs are listed in Table II . Consequently, the algebraic equations constructed from this decomposition are solved as (o-=m-2n): Eo(X) ([o-+2lrq+ [2] .rq) ([o--1] .rq+ 1) [o--1] .rq (4·19) [3] .rq [2] .rq Eo (Y) ( [o_ -1] .rq+ [3] .rq) [o--2] .rq[o_J.rq (4·20) [3] .rq Eo(Z) ([o--4] .rq+ [2] .rq) ([o--1] .rq+ 1) [o--1] .rq (4·21) [3] .rq [2] .rq
The skein relations for two Wilson lines in the defining representation N of 0Sp(m/2n) are also constructed easily by using data in Table II . The simplest example is (4·22) § 5. Summary
We have refined in this paper the previous arguments given in Ref. 38) concerning a two particle scattering in Chern-Simons gauge theory. We have found explicit expression giving the scattering amplitude in terms of the VEV's of the Wilson loop operators; Eq. (3 · 9) . It is one of the explicit results derived in this paper.
We found, however, extra contributions to the amplitude (3·9), which seemed to have been ignored in the previous computations. 38 J They depend on the VEV's of the tetrahedron operators. Calulation of them is, therefore, an urgent problem. They are now in progress.
We have computed the Eo(p)'s, where the p's are some low-lying representations of SU(m/n) and 0Sp(m/2n). We have also derived the skein relations for the defining representations of SU(m/n) and 0Sp(m/2n). These data must serve us with building blocks in considering 2+ 1 dimensional supergravities.
In this paper we have considered two-particle scattering. It may be possible to extend our computations to multi-particle scattering. It may provide us with some new insights into the Chern-Simons theory and, presumably, 2+ 1 dimensional gravity. Investigations concerning this problem are also in progress. 
In the following, ,;A, .;1s and .;.As are represented as (1, 0, 0, ···IO, ... ), (2, 0, 0 
The dimensions and the quadratic Casimirs for contravariant representations are computed by repeating the above procedure under the replacement of U with its hermite conjugate ut. Consequently, a covariant representation p and its dual (contravariant) representation p have the same dimension and quadratic Casimir.
It is possible to generalize the above arguments to any representations of SU(m/n) and 0Sp(m/2n). The results for some low-lying representations are listed in Tables I and II 
